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Numerical modelling

of flexible pavement
incorporating cross-anisotropic
material properties

Part I: Surface circular loading

JW Maina, F Kawana, K Matsui

Accurate numerical modelling of the behaviour of road pavement layers is an important
requirement for the design and evaluation of road pavements. This modelling includes the
prediction of pavement performance under the action of traffic loading and environmental
factors. Depending on the complexity of the models, properties of pavement layers that may
be considered are wide-ranging - from linear or nonlinear elastic to cross-anisotropic through
to linear visco-elasto-plastic. Some properties, such as cross-anisotropic, are not only related
to placement and compaction of the pavement layers, but are also inherent to the materials
used. Other properties, such as linear visco-elasto-plastic, are specific to asphalt concrete

and depend on the speed and magnitude of traffic loading, as well as the environment
(temperature) in which the road is located. This paper presents basic theoretical derivation of
numerical modelling of a flexible pavement considering cross-anisotropic material properties
(with isotropic properties as a special case). The solutions derived in this paper are based on
Hankel transformation of Navier’s equations. The accuracy and validity of the solutions are
verified through comparisons with a proprietary finite element method (FEM) package. For
this purpose, a pavement structure composed of five main layers constituted by isotropic and
cross-anisotropic (also known as transversely isotropic) material properties is analysed. In order
to vary some of the layer properties with depth, the main layers were sub-layered, resulting in a

17-layer pavement system.

BACKGROUND INFORMATION

To support the movement of people and
goods, as well as access to education and
training, employment and health care,

a sound road network — which in South
Africa is most often designed and evaluated
using the South African Pavement Design
Method (SAPDM) — plays a key role in the
socio-economic development of a country.
South Africa, in the recent past, has expe-
rienced considerable growth in both pas-
senger and freight traffic volumes because
of increased economic activities. The high
level of truck traffic is causing premature
failures, mostly on provincial and municipal
road networks.

The South African National Roads
Agency Ltd (SANRAL) teamed up with the
roads industry, the Council for Scientific and
Industrial Research (CSIR) and academia
in an effort to improve the SAPDM and
the design of roads in South Africa. The
partnership called for skills development and
the building of capacity to optimise design,
maintenance and repair strategies against
road (premature) failures. To achieve this,

a better understanding of the properties of
materials used in road constructions and
modelling of structural behaviour of pave-
ments was deemed necessary.

The SAPDM, which uses multilayer linear
elastic (MLLE) theory to determine pave-
ment structural responses, was introduced
in the late 1960s and early 1970s. Since its
introduction, developments in material char-
acterisations and numerical modelling have
taken place. In addition, advanced computer
software and hardware make it possible now
to determine the stress/strain/displacement
distributions of pavements under surface
loading in a matter of seconds.

This paper presents the outcome of
the efforts to improve the standard pave-
ment analysis for circular surface loading
by introducing capability to consider
cross-anisotropic material properties (with
isotropic as a special case). This capability is
not possible in the current SAPDM software.
After rigorous validation and verification,
software resulting from this development
has now become the analysis engine of the
new SAPDM, and it will be used when the
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loading on the surface of the road pavement
is circular in shape.

MOTIVATION FOR INCORPORATING
CROSS-ANISOTROPIC PROPERTIES
Cross-anisotropy is the most prevalent but
less considered type of materials properties
in pavement layers. In this regard, the elastic
properties in the lateral and vertical direc-
tions are considered to be different. The road
construction process involves directional
rolling compaction of materials, which
invariably results in different mechanistic
properties in vertical and horizontal direc-
tions (Masad et al 2006). A cross-anisotropic
material has a vertical axis of symmetry

of rotation, i.e. the elastic properties are
equivalent in all directions perpendicular to
the axis of symmetry (horizontal or radial
direction). In general, these properties are
different from those in the direction parallel
to the axis (vertical direction).

In engineering mechanics, cross-
anisotropy of an elastic material is defined
by five independent elastic constants — two
elastic moduli in vertical and horizontal
directions (E, and E), two Poisson’s ratios
in vertical and horizontal directions (v ;, and
v, and one shear modulus (G,) as pre-
sented by Love (1944). Several experiments
have also proven the existence of cross-
anisotropic properties in pavement layers,
and these properties have been measured in
the laboratory (Correia 1999; Adu-Osei et
al 2001; Tutumluer et al 2003; Masad et al
2006). Typically, the level of cross-anisotropy
is characterised by the ratio of the horizontal
to vertical modulus (E,/E,). In contrast,
isotropic materials have the same elastic
properties in both the vertical and horizontal
directions, which are described by three
independent elastic constants: E, v and G.

The importance of incorporating cross-
anisotropic material property in the pavement
analysis was demonstrated by Masad et a/
(2006), who showed how the accuracy of calcu-
lated pavement displacements improved when
the aggregate base layer was considered to be
cross-anisotropic. In their study, Masad et al
(2006) used a Finite Element (FE) program to
calculate pavement surface displacements, and
compared their results with measured values
from 246 different sections in the Association
of American State Highway Officials (AASHO)
road test. The study revealed that the displace-
ments calculated using isotropic material
properties tended to be smaller than measured
displacements in the field. Further analysis
showed that the errors between measured and
calculated responses were minimised when
the elastic modulus in the horizontal direction
was assumed to be 30% of the elastic modulus
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Figure 1 Cylindrical coordinate referencing for pavement analysis

in the vertical direction (E,/E, = 0.3). Also,

the findings seem to be in agreement with
results reported in another study on the level of
anisotropy (E,/E,) of unbound and chemically
stabilised aggregate systems (Salehi-Ashtiani

et al 2008).

Other researchers such as Emeriault and
Chang (1997), and Masad et al (2004) have
also used the micromechanics theory to
determine cross-anisotropic properties of
granular base materials. Adu-Osei et al (2001)
used the linear elastic theory coupled with
system identification to develop a testing sys-
tem, in a triaxial test setup, that could identify
the five parameters that represent cross-
anisotropic properties of unbound materials.
This test was developed in a collaborative
research between the universities of Illinois
and Texas, whereas the field validation data
was collected from a full-scale pavement test
study conducted at Georgia Tech (Georgia
Institute of Technology). The validation of the
anisotropic modelling approach was accom-
plished by analysing conventional flexible
pavement test sections, where the GT-PAVE
finite element program was used to predict
responses to loading in an unbound aggregate
base layer, and compared these predicted
responses to the measured values (Tutumluer
et al 2003). Wang and Liao (1999) listed and
meticulously summarised the numerous stud-
ies for cross-anisotropic half-space subjected
to different types of loading, such as line
loads, circular loads, parabolic loads, ring
loads, and varying rectangular loads.

THEORETICAL DEVELOPMENT

Linear elasticity

Because of azimuthal symmetry for circular
surface loading, responses present in axisym-
metric elastic problems are displacements

u = u(r,z),w = w(r,z) in horizontal, r— and
vertical, z—directions respectively, normal
stresses ,, 0, and oy in the horizontal, r—and
vertical, z— and circular, 6— directions
respectively, as well as shear stress 7,, on the

r or z face in the respective z or r direction,
as shown on Figure 1.

In this regard, the differential equilibrium
equations in cylindrical coordinates may be
expressed using modified Navier’s Equations
1and 2:

do, 0T 0,— 0y

Ly Z 4 L =0 (1)
or 0z r
%4.%1.2:0 (2)

or 0z r

Corresponding axisymmetric strains may be
expressed in terms of axisymmetric displace-
ments as follows:

ou . u . ow ou . ow 3)
=—,8g=— &, =— YV, =— + —
T YT R a o

&

Generalised Hooke’s law

In linear elasticity, if the stress is sufficiently
small, Hooke’s law is used to represent

the material behaviour and to relate the
unknown stresses and strains. The general
equation for Hooke’s law is given below:

3 3
&5 = Sk = Yl S§jkIOkl )
Where: i,j=1,2,3

In this case s, is a fourth-rank tensor called
elastic compliance of the material. Each
subscript of Skl takes on the values from 1 to
3, giving a total of 3% = 81 independent com-
ponents in s. However, due to the symmetry
of both & and oy, the elastic compliance s
must satisfy the relation:

Sijki = Sjiki = Sijik = Sjilk ®)

It follows from Equation 5, therefore, that
the generalised Hooke’s law presented in
Equation 4 can be simplified to become:

€ = 8,0 (6)

Where: i,j = 1,..,4
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This relationship reduces the number of s
components to 16, as seen in the following
linear relation between the pseudovector
forms of the strain and stress:

€ S11 812 %13 S| |91
S21 S22 523 S24| 02
€3 8§31 S32 833 S34| |03
&y S41 S42 843 Saq’ 04

& 511 %12 S13 14| (9
&€ S S S S g
6 | _JS21 S22 S23 S04l )9
= = @)
£, S31 S32 S33 S34 |02
Yrz Sq1 Sa2 843 Sas’ Ty

The s matrix in this form is also symmetric.
It, therefore, contains only ten independent
elements. The number of independent ele-
ments is obtained by counting elements in the
upper right triangle of the matrix, including
the diagonal elements (i.e. 1 + 2 + 3 + 4 = 10).
Furthermore, if the material exhibits sym-
metry in its elastic response, the number of
independent components in the compliance s
matrix will be reduced even further.

For example, in the simplest case of isotrop-
ic materials whose elastic moduli are the same
in all directions, only three unique components
(8115 $19» Sas) €Xist, as shown in Equation 8. In
the elastic range, these three coefficients of
the ordinary model require three parameters
(elastic modulus E, Poisson’s ratio v and shear
modulus G) for their definitions as follows:

S11 S1p S12 O

_|%12 su1 s O ®)
S19 S1p s 0
0 0 0 sy

Where: s, = 1/E, 515 = —V/E, 544 = 1/G,
G = E/[2(1 + )]

In cross-anisotropic materials, however,

five unique components (s, S1, 813, 33,

544) €xist, as shown in Equation 9. In the
elastic range, these five components of the
ordinary cross-anisotropic model require
five parameters (E,, E;, vy, Uy Gp,) for their
definitions (Love 1944).

s;1 12 s13 0
S19 S11 s13 0 ©)
513 S13 S33 0
0 0 0 sy

Where: s, = 1/E, 515 = =V, /E}, 813 = =V, /E,,
S33 = 1/E, 5,4 = 1/G,,,
Gy, = E/J2(1 + v},,)]

Writing the stresses in terms of the strains
would require Equation 7 to be inverted,

yielding:
0; = Cy; (10)

Where: cjlsa fourth-rank tensor called
elastic stiffness of the material.

The stiffness and compliance matrices in
Equation 10 are related in the following form:

c=s"1 (11)

Three components (¢;, ¢, €44) €xist for
isotropic materials, whereas, in cross-ani-
sotropic materials, five unique components
(€175 €195 €135 €335 C4q) €XiSt.

It should be noted that responses for a
special cross-anisotropy case where E, = E;, and
V., = Uy, exist and will be similar to the isotro-
pic case presented by Maina and Matsui (2004).

Equation 12 below shows the five compo-
nents of the elastic stiffness ¢ and Equations
13-17 define each of the five components:

€ ¢p 63 0
€1y ¢ 3 0

c= 12
€13 €3 ¢33 0 12
0 0 0 ¢y

Where:

2
Cll _ Eh(_EV + Ehvhv) (13)
(L +vy)=E, + Evy, + 2Ehvﬁv)

2
P EnEyvip + EpVin) —
(I + vy )E, + Evy, + 2E,v;,,)

EhEVVhV

013 = -
2
—E, + E,v, + 2E,vj,

EX-1
g5 = — — DAL V) (16)

2
_EV + Evth + 2EthV

B 17)

Chqe=G =
201 +vy,)

Substituting Equation 12 into 10 yields:

oy 1 c1p ¢z 0 (e
T _|C12 c11 €13 0 |]&g (18)
9, ¢z 3 ¢33 0 |lg

Trz 0 0 0 €44 Y1y

Expanding Equation 18 by expressing strains
in terms of elastic displacement based on
Equation 3 gives:

ow

ou 7
0, = €11+ C1p— + C13— (19)
or r 0z

ou u ow

09 = Clg— + Cy1— + Cj3— (20)
r r 0z

- ou . u . ow (1)
=l t 63— C33—
By oz

T, =¢C (au + aw) (22)

e oz Or

Substituting Equations 19-22 into Equations
1 and 2, with some rearrangement, will result
in Equations 23 and 24:

¢y 022

2 w=0 (23)
cq; ordz

(13 + C44) (1 . 0 ) ou
034 r or az2
+(a_+li+@a_)wzo (24)
a2 r Or gy 072

Derivation of displacement

and stress solutions using

Hankel transformation

One convenient way of deriving displacement
and stress solutions is to use Hankel trans-
formation (Miyamoto 1977; Sneddon 1951).
In this regard, Hankel transformation of
Equations 23 and 24 would yield, respectively:

2 _
(—52+ba—)ﬂ+a£a—wzo (©25)
0z? 0z
oi 2\
65+b—+(—62+d—)w:0 (26)
0z 972
Where:
pllstead ) a3t
11 11 Caa
d=c2 27)
Ca4
@ =6 2) = [ rul 2dr (28)
W =8 2) = [l o€ (29)

i and w are Hankel transformations of the
displacements for # and w, whereas J,(¢,) and
Jo(€,) are Bessel functions of first kind and
order 0 and 1, respectively. £ is the parameter
of Hankel transformation corresponding

to r. Equations 25 and 26 can be simplified
by representing a differential function with
respect to z as A. The next step is to elimi-
nate i from the modified equations, and
simplifying, resulting in:

A4 - (202 + 5EHW =0 (30)
b-ac+d 1
Where: t; = ———, ty = —
bd bd

With the four roots, A derived as:

t £ NEf — 4t,
A=+E — 3D

Putting back the differential function in
Equation 30 yields:
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Figure 2 Surface circular load
) _
— =182 —+ 5,4 W =0 (32)
oz*

With reference to the roots in Equation 31,
the solution form of Equation 32 depends on
the sign of the coefficient: £ — 4t,.
Furthermore, and this is very important,
depending on the numerical integration
methods used, it may be necessary to modify
the solution for w to obtain stable and accu-
rate responses of the pavement structure. The
solutions presented hereunder were based on
the numerical methods used in this research.

1. Solution 1: £} — 4¢, > 0, where E;, > E,

w=w(E 2) = C,(E)eM? + Cy(€)e M7
+ CS(E)e’lzz + C4(€)e"122 (33)

Where:

I R R e
M= h=

and C;(€), C,(6), C5(€), and C,(€) are coef-
ficients of integration.

In order to obtain stable and accurate results
of pavement responses, Equation 33 was
modified to:

w=w(¢ z) = C;(€) cosh(ryz) e"?
+ Cy(&) cosh(ryz) e™"1#
— C4(¢) sinh(ryz) e"1*

— C,(&) sinh(ryz) e ™12 (34)
Where:
. (\/tl NZ— 4ty + N 4t2), nd
22
. (\/tl N -4ty + \/tl - 4t2)
2

2. Solution 2: £ — 4t, = 0, where E, = E,

W =w(§ 2) = C(§)e’? + Cy§)e**

+ C3(6)ef + CyE)e~¢= (35)

Applied load/stresses
Plo

Contact
stresses

7
Ny

\V

J

rotation f Surfacing: iy, Ey,, Eqpps vy, Vi,
L’ Base layer:
Pavement hgs Egyy Enpys Vay Vo
response

bR

Stresses
and
strains

L Y;V '%‘

Sub-base layer:
h3, Esyo Egps V3 V3,

:

Selected layer:
Py Egyp Eggpy Vay Vap

T

Sub-grade:
hs, Es, Espy Vs, Vs,

N N NI N W/
NN

Figure 3 Hypothetical pavement structure
3. Solution 3: £} - 4¢, < 0, where. E;, < E,.

W= w(E 2) = C(€)ehe + Cy(e iz

+ C3($)e’12Z + C4(£)e*)‘22 (36)

Where:
NN -
PR ACEAL dulel SN
2
P Vi, -V - 4t,
2

For stable and accurate results of pave-
ment responses, it was necessary to modify
Equation 36 to:

W =w( 2) = C(£) cos(ryz) eN®
+ Cy(§) cos(ryz) e™"1%
— C5(6) sin(ryz) en?
— Cy() sin(ryz) e™"1# (37)

Where:

(5 ﬁ) andrf(f g;m)

Boundary condition - vertical
circular surface loading
The boundary condition at the surface of the

pavement considers an equilibrium between

external and internal vertical and shear
stresses. For the case shown in Figure 2,
where there is only uniformly distributed
vertical circular load P, whose radius is a on
the road surface, the Hankel transformation
of the equilibrium of internal and external
stresses is given as:

{5%(0, 6)} :{—ﬁ@}
71 (0, ) 0

Where:

(38)

BE) = [ rply(éndr = %11(&»

Pavement responses

By applying Hankel inverse transformation
of all the Hankel transformed solutions, it is
possible to determine solutions for pavement
responses at any point in a pavement struc-
ture. However, when r = 0, the computation
of 0, and 0,4 using Equations 19 and 20 is not
straightforward because of the term 1/r. The
L'Hospital rule (Taylor 1952) is used to derive
the solutions.

After Hankel transforms have been deter-
mined, it is possible to determine responses
at any point (7, z) in the pavement structure
through Hankel inverse transformation using
the following equations:
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Stress, Szz (MPa) Stress, Sxx (MPa)
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= =
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== This study Szz @ FEM Szz == This study Sxx @ FEM Sxx
Figure 4 Stress distribution under the centre of the load with depth between this study and proprietary FEM package
u(r, z) = _f &u(&, 2)],(Endé (39) | Table 1 Profile of the hypothetical pavement structure
0
(P~ Layer Layer E-Modulus | E-Modulus P-Ratio P-Ratio Thickness Slip
w(r, 2) = I 0 WS, 2 0(£r)d£ (40) type number vert (MPa) | horiz (MPa) vert horiz (mm) rate
Ry A 1 20281 18 618 0.14 0.13 10 0
0,(1,2) = [ 60,6 Do) (1) ¢
AC 2 19781 19767 0.15 0.15 10 0
7.0 = | o {T(6 AL (Ende (42) AC 3 19 303 19282 015 015 10 0
¢ —¢ o
oy - 11 12, - J‘O {Hl(& Z)]O(EV)dE 43) AC 4 18 846 15583 0.12 0.11 10 0
r - Gl 5 450 450 0.35 0.35 37.5 0
0.+ 0y = H, (&, z 7)d. 44
rn oo -[o $H G 2olends (44) Gl 6 450 450 035 0.35 375 0
Where: G1 7 450 450 0.35 0.35 375 0
- Cii—C Gl 8 450 450 0.35 0.35 37.5 0
H(§2) = [ rlog-"2—2u|/o@dr (@45)
0 7 C3 9 250 250 0.35 0.35 75 0
Hy( 2) = f “r (o, - 0 Jo(ENdr (46) Cs3 10 250 250 0.35 0.35 75 0
0
C3 11 250 250 0.35 0.35 75 0
WORKED EXAMPLES C3 12 250 250 0.35 0.35 75 0
Solutions developed in this study were used to G7 13 50 50 0.45 0.45 37.5 0
f:ompute responses at different positions with- a7 1 =0 50 045 045 375 0
in a pavement structure. The pavement struc-
ture for which the simulation results are pre- G7 15 50 50 045 045 375 0
sented here are shown in Figure 3 on page 25. G7 16 50 50 0.45 0.45 375 0
A vertical load of 21.5 kN and a diameter of
L. SG 17 239 239 0.4 0.4 Semi-infinite
238 mm resulting in a 483 kPa contact stress
was used in the analysis. All layers except the
asphalt layer were modelled with isotropic, layers into four sub-layers resulted in a total of | specific time of the day used in the analysis.
linear-elastic properties. The asphalt layer was | 17 layers, as shown in Table 1. The top and bottom asphalt sub-layers
modelled with cross-anisotropic, linear elastic The vertical stiffness in the asphalt show significant reduction in the effective
properties. Information on all the layers, sub-layers shows a marginal increase close horizontal stiffness resulting from cracking
including sub-layers, is shown in Table 1. The to the surface that is a function of the effect initiating from both the top and bottom of
sub-layering of each of the upper four main of temperature variations with depth for a the main asphalt layer.
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Figure 5 Strain distribution under the centre of the load with depth between this study and proprietary FEM package

Discussion of results
Figures 4 and 5 show comparisons between
the numerical method developed in this study
and a proprietary FEM package for stresses
(Szz) and (Sxx) as well as strains (Ezz) and
(Exx) distributions with depth, z-direction,
under the centre of a circular surface load
of magnitude 21.5 kN load (483 kPa contact
stress). From these results it is clear that the
closed-form solutions developed in this study
have achieved a very good level of accuracy,
as their results compare very well with results
from a proprietary FEM package.

It is also important to mention here
that the software developed from this work
has become the analysis engine for the
new SAPDM.

CONCLUSIONS

1. A numerical tool for the analysis of an
elastic multilayer system under the action
of surface circular load, considering both
cross-anisotropy and isotropy material
properties, has successfully been developed.

2. The numerical tool developed in this study
is capable of performing analyses for an
unlimited number of points in an elastic
multi-layered pavement system with an
unlimited number of layers, and on the
surface where an unlimited number of
uniformly distributed circular loads act.

3. The results shown in this paper confirm
the accuracy and reliability of the closed-
form theoretical solutions developed.

Journal of the South African Institution of Civil Engineering « Volume 59 Number 1

A very good match of results was obtained
between the numerical tool developed in
this study and a proprietary FEM package.
4. The numerical tools developed can be
used to improve the design, evaluation and
analysis of road/runway pavement systems.
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