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The d'is c'tL,es'ion of negat'i'ue-'ueloc'ity fee.d,back co r firol g a'in

G; 'is presented'in th'is paper. For all the erist'ing models,

they norrn"ally neglect the electric charge of the actuator
'introducd, by the mechan'ical force appl'ied on the sntart,

compls'ite structure. In th'is paper, the electric cltarge of
the actuatlr 'is cons'iderel, and the erpression of the feed-
back control, ga'in G; 'is also stud'ted. N'u,merical results are

presented to demonstrate the scale of the feedback control
ga'Ln.

Introduction

Smart structut'es technology featuring a netwot'k of sen-

sors and actuators, real-tirne control capabilities, compu-
tational capabilities and host rnaterial will have a tremen-
dous irrpact upon the design, developtnent and mattufac-
ture of the next generation of products in diverse indus-
tries. The idea of applying srnat't materials to mechanical
and structural systems has been studied by researchers in
various disciplines. A number of promising materials with
adaptable pl'opel'ties are available which rnay be used as

sensor or actuator elements of srnart stt'uctures. These ma-
terials include piezoelectric polymel's and ceramics, shape

rnerrory alloys, electrorheological fluids and optical fibres.
Modelling and simulation will play a key t'ole in the design

of smart structures (see Crawley) .l
There have been many theories atrd models pl'oposed

for analysis of laminated composite beams and plates con-
taining active and passive prezoelectric layers. Bailey and
Hubbard2 designed a distributed-parameter actuator and
control theory. They used the angular velocity at the
tip of cantilever isotropic beam wittr constant-gain and
constant-amplitude negative velocity algorithms and ex-
perirnentally achieved vibration control. A mechanical
rnodel for studying the interaction of piezoelectric patches
surface-mounted to beams has been developed by Crawley
and de Luis,3 Im and Atluri,a and Chandra and Chopra.s
The study prqsented here is different from those in that
we study larninated beams containing piezoelectric lami-
nae. The strain sensitrg and actuating (SSA) lamina can

offer both discrete effects sirnilar to patches as well as dis-
tributed effect. Gerhold and R.ocha6 used piezoelectric
sensor/driver pairs that are collocated equidistant from
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the neutral axis for the active vibration control of free-
free isotropic beams using constant-gain feedback control.
They neglected the effect of piezoelectric elements on the
mass and stiffness properties of the beam elernent. The
modeling aspects of laminated plates incorporating the
piezoelectric property of materials have been reported in
Lee,7 Crawley and Lazarus.8 Wang and R,ogerse used the
assurnptions of classical lamination theory combined with
inclusion of the effects of spatially distributed, small-size
induced strain actuators embedded at any location of the
laminate. Both negative-velocity feedback and positive-
position feedback gains have been discussed by Chan-
drashekhara and Agarwal.lo An overview of recent de-
velopments in the area of sensing and control of stt'uc-
tures by piezoelectric rnaterials has been reported in Rao
and Sunar.ll Mitchell and Reddyl2 developed refined hy-
brid theory for laminated piezoelectric plates, Huang and
Sunl3,l4 formulated larninated smart beams with piezo-
electric lamirlae. Up to now, from our investigation, there
is no one publication that has given attention to discus-
sion of the negative-velocity feedback control gain. This is

mainly the objective in this paper.
In some of the existing models proposed by Chenls

and Vlindlir,t6 they introduce the electric potential func-
tion as an additional variational function. But for sorre
complicated cases, it is very difficult to deterrnine this elec-
tric field function. The present rnodel in this paper does
not introduce the voltage as an additional degree of free
dom. It assumes that the electric field distribution is aver-
age because the prezoelectric sensor and actuator layers are
vel'y thin. In this paper', we take the srnart laminated beam
as an example to discuss the feedback control gain. The
present theory can apply to the smart composite plates
and shells as well.

Laminate constitutive relations

Consider a fibre-reinforced laminated composite bearn
(length l, width b, and thickness h) containing distributed
piezoelectric layet's as sensor and actuator that can be on
the top and bottorn layers in the present beam model (Fig-
ure 1). The lamina constitutive relations of srnart struc-
ture for the kth with respect to the plane (laminate) co-
ordinates (*, A , z), is given a^s

(1)
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{D} k : lel* {'} k + ldr {E} r
where {r} is the strain,{o} is the stress, {D} is the elec-
tric displacement , {E} is the electric field intensity, tA ]
is the elastic stiffness rnatrix, [Z] is the piezoelectric stress
coefficient matrix and lgl is the permittivity matrix. Non-
piezoelectric larninae can be modelled by simply setting
the piezoelectric constants to zero and retaining the di-
electric permittivity constants if necessary.

For the smart composite beam, equation (1) can be
written .r3

{ i:,}--[3" oa,,] 

_{ i:"}^-{ul8'\-o:
(3)

Strain-displacement relations of beams

The displacement field of stnart composite beams based

on Vlindlinl6 theory is given by

In order for the charge to tie measured, the electric
loop has to be closed. That is, the electrode has to appear
on both sides of larnina so that a charge rnove in z-direction
can be measured. It should be noted that the concept of
the effective sut'face electrode is an approximation. From
'a practical design viewpoint, it must try to minimtze the
edge effect of the electric field. Based on all these physical
arguments, the total charge q(t) can be measured through
the sensor layer as

(2)

[U 
D;dA)":"*(l.o!at) 

":,") 
(8)

rvhere R is the effective surface electrode of the piezoelec-
tric sensor layer'. Substitution of equation (7) in equation
(B) r'esults in

q, (t) - Irur' 
('? + z|ol) bd,r

(r,y,z,t) -'u,s(*,t) * zfuo(*,t)
(r,a,z,t) - o

(*,A,z,t) -'ws(r,t)
where 'us and 'uJs I'epl'esent the mid-plane displacements
in the T, z directions, and {o I'epl'esents the rotations of
transverse norrnal to mid-plane about the y co-ot'dinates.
Here, w€ assurne that the displacernent for the g-direction
is neglected and 'ti,o, 'tt)g, 'tlto al'e only functions of x-axis
and time (t) in the present rnodel of beam.

Ttre strain displacement relations of the latninated
bearn based on a first ordet' shear deformation theory as-

sociated with the displacelnertt field al'e given by

where

,or : IO, 1 zo)

Discussion of feedback control gain G;

The external applied voltage across the actuator layer by
using the negative velocity feedback control rnethod is ttre
follor,ving

^fi, :'()o.W

(4)

(5)

(6)

(7)

- Gii(t)-G;ry"dt

qo (t) - Iru- ('3 + ,Lo',) uar

whet'e

^0"x:

v3

(10)

Jo"t' \a"a 
+ zL a"a 1

where Ga is the gain to provide feedback control.
The phenomenon is called the direct piezoelectric ef-

fect which implies that when sorne rnechanical force ol'
pressure (strain) ir applied on a piezoelectric corrponent,
sorne electric charge or voltage is induced in the piezo-
electric rnaterial. Because of the capabilities of the piezo-
electric materials, the actuator layer can also collect the
electric charge due to the mechanical deformation, that isSensor equation

The equation (4) is used to calculate the output charge

cleated b1, the stt'ain in the smart beam. Since no extet'-

nal electric field is applied to the seusor layer, the electric
displacement developed on the sensol' sut'face is directly
proportional to strain acting on the sensol'. If the z-axis

is the poling axis, the charge is collected only in the z-

directiorr. Hence, only D, is considered. For a PVDF
piezoelectric material layer acting as a sens ot' E! - 0 and

equation (2) can be written as

where

,tn:f,{r-*zn-r)

Please note the difference in the definitions for zfl arlc, zl.
The voltage of actuator due to mechanical defonna-

tion can be written as

D! :dt, (r? + ,"'")
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where C is the
voltage acting

(r) :
electric capacity of the
on the actuator layer is

4#)uo"
actuator. The
expressed as

( l2)

total

bdr

( 13)

Results and discussion

In the pt'esent smat't bearn structure, the piezoelectric of
the bottom layer is considered as a sensor to sense the
strain and generate the electrical potential and the piezo-
electric of the top layer as an actuator to control the vi-
bration of the structure. All material properties used are
shown in Table 1.

Table 1 The material properties of the main structure
and piezoelectric

Property PVDF Graphite/Epoxy

yr'4 - V't -V!- lc,l\n l,

lc,l

lu,, IoW+,1#)
If set I,''4 - 0 , the feedback control

expressed as

0.2E+10 N/mz 0.988+11 N/mr
0.2E+10 N/m2 0.79E+10 N/m2
0.7758*9 N/rn2 0.56E+10 N/m2

ro(*+,'*#)0"

gain Gi can be

- lto (0, ,)]

0.29
1800 kg/-t
0.046 C l^'
0.046 C l^'

0.0
0 1062E-9 F/m
0.1062E-9 F/m
0 10628-9 F/-

0. 1tr-3 m

0 385E+10 N/-'
0.28

L520 kg/^'

Et
E2
Gp
Czs
'U t2
p

€zt

egz

e3:)

9rr
9zz

!:t:t
t

c[o(H+',o,y.")0.

1 ,u,u (l,t) - ro (0 ,t) + ,l,l'rpo (l,t)
C ,uo (1, t) - ,utr (0, r)

I Er * tLut
C it + zf-nt

[,lo t, ,t) - r[o (0, ,)]

( 14)

( 15)

(14) yields

+ ,'i

rvhere

eL
'uo (l,t) - uo (0, t) 'rbo(t,t)-v(o,t)

hrl

0.125E-3 rn

A cantilever laminated beam with distributed piezo-
electric PVDF layer set'ving as a distributed actuator on
the top surface, and another PVDF on the bottom surface
as a distributed sensor, will be used as a case study. The
beam dimensions considered are: length I - 100 mm and
width b - 5 mm. The thickness of the beam can be gen-
erally written as h- n,xO.L25E -3 m and piezoelectr-ic
PVDF layer is taken as 0. 1 x 10- 3 rn (see Table 1). The
applied tt'atrsvel'se load is uniformly distributed and has a
rnagnitude of 2.5 x 103 N/-' and frequency of 10 Hz.

Figure 2 shows the tip depiction of the bearn ver-
sus feedback control gain for the different ply orienta-
tion . Frorn these results, it can be found that the tip
deflection (arnplitude) of the beam decreases quickly while
the feedback control gain increases. It can also be found
that the lirnit scale of feedback control gain is about 5
coulornbs/ampere. From this point, the control effect can
beclearlyobset.ved.Butwhenthecontrolgainci>
coulombs/ampel'e) the tip deflection decreases very slowly.
From all these phenomena, w€ can say the optimal feed-
back control gain of the present beam rnodel is about 100
coulornbs/ampere.

Conclusions

The negative velocity of feedback control gain of smart
composite bearns has been discussed. There are three pos-
sible conditions for the feedback control gain C r. Same
results have been presented by Sun and Huang.l7

1 If lcil < :?t "*' . onlv rhe self-creared voltage isc et + zf;n ) 
vrrrJ

acting on the actuatot' Iayer. For this ca^se, the control

The symbols e 1, K1 eI'€ called the average measurernent
of deformation and tr,n, are the rate of defonnation. If
the period of time At is very srnall, it can be assunled that

e1- 
E-l 

= +, KL: ql =ydt A'' -L ft A'
Substitutirrg equatiorr (tf ) into equation

(r6)

r,vhere Ci is called the t'ate of feedback control gairr. It carl
also be rvritten as

l"'l

ln l_ lc,l 1Et*r|n,
l"nl At cffi

l-

From equation 16, if lCrll-'| C et + zfln1 
vrrvrr urr\

is no voltage applied on the actuator'. it means the exter'-
rral applied voltage on the actuator is equal to the voltage
of the actuator due to the mechanical deformation. The
active control effect of smart composite beams can be ob-
set'ved when the feedback control gain has the following
expressron:

(r7)

(lB)

It is vel'y important to note that ttre scale of feedback
contt'ol gain Gi has to be considered in the application of
srnart composite structures.
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Non-piezoelectric layers

Piezoelectric layers

Figure 1 Laminated beam with integrated piezoelectric sensor and actuator
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Figu re 2 The tip def lection of beam versus f eedback control gain
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effect cannot be observed for the present beam model.

2. If lc, I - L?j + , the rotal volrage on the actu-
C' eL * zu*rc 

) ---- -

atot' layer is zero. This is the limit scale of feedback
control gain.

3. If lcil > !?+, t*. 
the active control effect will be

L: e1 * zirc
clearly noticed.
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