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This paper presents an algorithm for transformer load 
curve development. In addition, the paper examines the 
effect of thermal time constants and insulation paper, to 
loading time limits and loss-of-life. The applied thermal 
model is based on the ‘exponential time constant’ analogy 
for transformer top-oil temperature and hot-spot 
temperature. An overview of the theoretical basis for the 
underlying thermal and aging model is given. The derived 
equations are applied in a MATLAB environment; 
whereafter a case study is presented. Loading time results 
are compared to those from a commercial software package, 
and new results presented for the corresponding effect on 
paper insulation life. The difference in permissible duties 
for design-specific to default time constants specified in 
IEC60076-7:2005 are shown to be significant. 

Additional keywords:  Transformer; Thermal model; 
Load curve; loss-of-life; Overloading; Temperature 

Nomenclature 
Roman 
𝐶𝐶 Thermal capacity [Wh

°C
] 

𝐷𝐷,𝑑𝑑 Difference operators 
𝐾𝐾 Load factor [p. u. ] 
𝐿𝐿 Loss-of-life [s] 
𝑅𝑅 Ratio of load loss (𝑞𝑞𝑙𝑙) to no-load loss at rated load 

(𝑞𝑞𝑓𝑓𝑓𝑓) 
𝑉𝑉 Relative aging rate 
𝑐𝑐 Conductor specific heat [Ws

kgK
], 390[Ws

kgK
] for copper 

𝑔𝑔 Winding-to-oil gradient at load considered [K] 
𝑘𝑘 Correction factor 
𝑚𝑚 Mass [kg] 
𝑛𝑛 Time step counter 
𝑞𝑞 Loss at load considered [W] 
𝑡𝑡 Time [s] 
𝑥𝑥 Oil exponent (empirical) 
𝑦𝑦 Winding exponent (empirical) 

Greek 
∆ Temperature rise [K] 
𝜃𝜃 Temperature [°C] 
𝜏𝜏 Time constant [s] 

Subscripts 
11,21,22 Empirical factors 
𝐴𝐴 Core and coil assembly 
𝑇𝑇 Tank and fittings 
𝑎𝑎 Ambient 

ℎ Hot-spot 
𝑜𝑜 Top-oil 
𝑜𝑜𝑜𝑜 Mean-oil 
𝑟𝑟 Rated load (𝐾𝐾 = 1.00) 
𝑠𝑠 Standard paper (Non-thermally upgraded) 
𝑠𝑠𝑠𝑠 Supplied 
𝑢𝑢 Thermally upgraded paper 
𝑤𝑤 Winding 

1 Introduction  
The temperature status of a transformer is vital during 
operation and even more so, during overloading conditions1. 
This is directly contributed to the relation between heat and 
insulation breakdown, as related by the empirically valid 
Arrhenius equation2. As insulation breakdown is considered 
to be a major cause in the reduction of transformer life 
expectancy, the importance in modelling the overloading 
condition is growing3. 

Of late, the concept of ‘planned loading beyond 
nameplate during normal operation’ has gained notable 
interest. This is because planned loading operations could 
considerably reduce costs without affecting reliability4, 5. As 
load curves relate the load factor to the time for which the 
transformer can be overloaded, they can be a useful tool in 
implementing planned loading operations, allowing the 
utility to gain more from their transformers. 

The current loading guide standards stipulate a thermal 
model which is fundamentally based upon the relational 
properties of exponential equations. In its differential form, 
this model allows for discrete and dynamic modelling of 
temperatures over time3. By implementing these equations in 
a programming environment and applying an algorithm, 
these equations can be extended to estimate loading curves 
for planned loading operations. 

The intent of this paper is to provide a methodology on 
how the loading guide standards might be applied to 
determine allowable transformer loading. In addition, the 
effects of the variation of thermal constants to loading time 
and the selection of winding insulation to the aging rate are 
investigated. 

2 Transformer modelling 

2.1 Exponential time constant analogy 
Transformer thermal response is a subject that has been 
addressed in various studies. The standards and literature, at 
first, are seemingly confusing and unclear6, 7. This confusion 
arises from the fact that two similar, but fundamentally 
independent models have developed following two different 
approaches, namely the ‘exponential time constant’ analogy 
and the ‘thermal-electrical’ analogy6,7. In the following 
overview, only the equations for the exponential time 
constant analogy will be given. The equations for the thermal-
electrical analogy can be found in the Appendix. 

a. At time of doing the research, the author was at 
Powertech Transformers (Pty) Ltd, 1 Buitenkant 
Street, Pretoria West, 0183. Currently at Eskom 
Holdings (SOC) Ltd, Sunninghill, 2157. E-mail: 
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The temperature response of a transformer to varying load 

current can be represented with rising and falling exponential 
functions. As such, the exponential time constant analogy is 
derived by applying heat transfer principles in conjunction 
with exponential curve fitting methods6. This ‘fitting’ of the 
solution curve to represent the temperature response is 
depicted in figure 1 for a typical load cycle. 

 
Figure 1:  Typical transformer temperature response to load 

variations3 

However, the response of top-oil or hot-spot temperature 
rises to a step change in load current is not a true exponential 
function and therefore requires the solution curve to be 
‘corrected’. This is achieved by applying the necessary 
correction factors to the thermal time constants as is evident 
in equation 13, 7. 

For the purpose of modelling the temperature response in 
a discretely time dependent manner, the exponential form of 
the equations are not sufficient. This is due to the inherent 
exponential constant 𝑒𝑒 and the need of a sufficiently large 
step function3. For this reason, differential equations are 
inferred from the fundamental equations, which are in-turn, 
directly obtained from the exponential time constant 
analogy6. 

The differential equation inferred from the exponential 
equation for the top-oil is as follows3: 

�𝐾𝐾
2𝑅𝑅+1
𝑅𝑅+1

�
𝑥𝑥
∙  ∆𝜃𝜃𝑜𝑜𝑟𝑟  =  𝑘𝑘11𝜏𝜏𝑜𝑜 ∙

𝑑𝑑𝜃𝜃𝑜𝑜
𝑑𝑑𝑑𝑑

+ [𝜃𝜃𝑜𝑜 − 𝜃𝜃𝑎𝑎] (1) 

It should be noted that the equations for the hot-spot 
calculations are not given as they are completely analogous 
to that of the top-oil7. 

2.2 Difference solution 
For the purposes of easily solving the models discussed, the 
equations are reformulated to that of the difference solution 
method. This is done by introducing the difference operator 
D, indicating a small change in the accompanying variable as 
is represented in equation 23, 7. The full set of difference 
equations necessary, to solve for both the top-oil and hot-spot 
can be found in section 3. 

The difference equation corresponding to equation 1 is: 

𝐷𝐷𝜃𝜃𝑜𝑜 =  𝐷𝐷𝐷𝐷
𝑘𝑘11𝜏𝜏𝑜𝑜

∙ ��𝐾𝐾
2𝑅𝑅+1
𝑅𝑅+1

�
𝑥𝑥
∙ ∆𝜃𝜃𝑜𝑜𝑟𝑟 − [𝜃𝜃𝑜𝑜 − 𝜃𝜃𝑎𝑎]� (2) 

2.3 Thermal time constants 
As discussed in section 2.1, the exponential time constant 
analogy implies the use of time constants to characterise the 
temperature response for a specific thermal system. Default 
values for these parameters can be found in the loading guide 

standards. Alternatively, the equations in this section can be 
used to determine more accurate design-specific constants3. 

The winding time constant in minutes at the load 
considered is: 
𝜏𝜏𝑤𝑤 =  𝑚𝑚𝑤𝑤∙𝑐𝑐∙𝑔𝑔

60∙𝑞𝑞𝑤𝑤
 (3) 

The average oil time constant in minutes at the load 
considered is: 

𝜏𝜏𝑜𝑜 = 𝐶𝐶∙∆𝜃𝜃𝑜𝑜𝑜𝑜∙60
𝑞𝑞𝑠𝑠𝑠𝑠

 (4) 

For an Oil Natural Air Natural (ONAN) cooling type the 
thermal capacity is: 
𝐶𝐶 =  0.132 ∙ 𝑚𝑚𝐴𝐴 + 0.0882 ∙ 𝑚𝑚𝑇𝑇 + 0.4 ∙ 𝑚𝑚𝑂𝑂 (5) 

2.4 Relative aging and loss-of-life 
Transformer loss-of-life estimation is based on the 
degradation of the insulation tensile strength to half that of 
the initial tensile strength. Beyond this limit the chance of 
dielectric failure of the conductor insulation is considerably 
high8. The following method is based on the latter 
quantitative criterion in combination with the Arrhenius 
equation3: 

Using the hot-spot temperature 𝜃𝜃ℎ from equation 13, the 
relative aging rate for standard paper is: 
𝑉𝑉𝑠𝑠 =  2(𝜃𝜃ℎ−98)/6 (6) 

For thermally upgraded paper the relative aging rate is: 

𝑉𝑉𝑢𝑢 = 𝑒𝑒
� 15000
110+273−

15000
𝜃𝜃ℎ+273

�
 (7) 

The loss-of-life can then be calculated using: 

𝐿𝐿 =  ∫ 𝑉𝑉𝑡𝑡2
𝑡𝑡1 𝑑𝑑𝑑𝑑   or  𝐿𝐿 =  ∑ 𝑉𝑉𝑛𝑛 ∙ 𝑡𝑡𝑁𝑁

𝑛𝑛=1  (8) 
To illustrate transformer loss-of-life, figure 2 was plotted 

using the equations covered in section 3. Note that at rated 
load the hot-spot temperature corresponds to the value in 
equation 7. Also, note that for a 24 hour rated load profile the 
temperature response remains flat and the loss-of-life 
amounts to one day as per the definition in International 
Electrotechnical Commission (IEC) 60076-7:20053. 

The full set of difference equations necessary to solve for 
the aging rate and loss-of-life can be found in section 3. 

 
Figure 2:  24 hour rated load cycle 

3 Transformer modelling 
In order to solve the transformer thermal model and relating 
loss-of-life, as discussed in section 2, all the relevant 
equations are reformulated to difference equations. This 
section provides the remaining set of equations needed for 
successful implementation in a computer program. 
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In the case of the top-oil (see equation 2) at each time step, 

the 𝑛𝑛th value of 𝐷𝐷𝜃𝜃𝑜𝑜 is calculated from the (𝑛𝑛 − 1)th value 
using3, 7: 
𝜃𝜃𝑜𝑜(𝑛𝑛) =  𝜃𝜃𝑜𝑜(𝑛𝑛 − 1) + 𝐷𝐷𝜃𝜃𝑜𝑜(𝑛𝑛) (9) 

The hot-spot temperature response is solved in the same 
way as for equation 9, but for the following two difference 
equations: 

𝐷𝐷∆𝜃𝜃ℎ1 =  𝐷𝐷𝐷𝐷
𝑘𝑘22𝜏𝜏𝑤𝑤

∙ �𝑘𝑘21 ∙ ∆𝜃𝜃ℎ𝑟𝑟𝐾𝐾
𝑦𝑦 − ∆𝜃𝜃ℎ1� (10) 

And, 

𝐷𝐷∆𝜃𝜃ℎ2 =  𝐷𝐷𝐷𝐷

( 1
𝑘𝑘22

)𝜏𝜏𝑜𝑜
∙ �(𝑘𝑘21 − 1) ∙ ∆𝜃𝜃ℎ𝑟𝑟𝐾𝐾

𝑦𝑦 − ∆𝜃𝜃ℎ2� (11) 

Where: 
∆𝜃𝜃ℎ(𝑛𝑛) =  ∆𝜃𝜃ℎ1(𝑛𝑛) − ∆𝜃𝜃ℎ2(𝑛𝑛) (12) 

The separation of ∆𝜃𝜃ℎ(𝑛𝑛) into two separate difference 
equations represents two separate physical phenomena. Note 
that equation 10 contains the winding time constant 𝜏𝜏𝑤𝑤 while 
equation 11 contains the oil time constant 𝜏𝜏𝑜𝑜. The first 
equation represents the faster fundamental hot-spot 
temperature rise which does not consider the oil flow passing 
it3. The second equation represents the slower effect of the oil 
flow passing the hot-spot3. 

Finally, the hot-spot temperature is solved by adding the 
temperature rise of the hot-spot to the absolute top-oil 
temperature at the 𝑛𝑛th time step: 
𝜃𝜃ℎ(𝑛𝑛) =  𝜃𝜃𝑜𝑜(𝑛𝑛) + ∆𝜃𝜃ℎ(𝑛𝑛) (13) 

The relative aging rate at the nth time step is solved using: 
𝐷𝐷𝐷𝐷(𝑛𝑛) =  𝑉𝑉(𝑛𝑛) + 𝐷𝐷𝐷𝐷 (14) 

Again, the difference equation for loss-of-life is solved 
similarly to equation 9: 
𝐿𝐿(𝑛𝑛) =  𝐿𝐿(𝑛𝑛 − 1) + 𝐷𝐷𝐷𝐷(𝑛𝑛) (15) 

It is important to note that in order to get an accurate 
temperature response; the time step should not be greater than 
half the smallest time constant in the thermal model3. 

An application of the solution routine discussed is 
presented in figure 3. The solution routine was implemented 
in MATLAB and compared to an example provided in Annex 
C of IEC 60076-7:20053. The logic flow for the solution 
routine is also depicted in a section of figure 4, highlighted 
by the segmented square. 

4 Algorithm application 
The previous section introduced a solution routine that can be 
applied to determine a single thermal response given the 
appropriate inputs and initial conditions. This routine can be 
extended by applying an algorithm to solve the same routine 
multiple times. 

The algorithm requires that an initial load factor 𝐾𝐾𝑖𝑖 be 
selected and that this load factor be increased by a load step 
𝐾𝐾 for each completed solution routine. The conditions for 
halting the solution routine play an important role and are 
defined as: 

• Reaching the top-oil limit, 𝜃𝜃𝑜𝑜 = 𝜃𝜃𝑜𝑜𝑚𝑚𝑚𝑚𝑚𝑚  
• Reaching the hot-spot limit, 𝜃𝜃ℎ = 𝜃𝜃ℎ𝑚𝑚𝑚𝑚𝑚𝑚  
• Achieving a continuous temperature response, 

𝜃𝜃𝑜𝑜(𝑛𝑛) = 𝜃𝜃𝑜𝑜(𝑛𝑛 − 1) 𝑜𝑜𝑜𝑜 𝜃𝜃ℎ(𝑛𝑛) = 𝜃𝜃ℎ(𝑛𝑛 − 1) 

 
Figure 3:  Comparison of the MATLAB solution to the 

example in IEC 60076-7:20053 

When the solution routine halts, the load factor 𝐾𝐾 is 
increased and the solution routine is repeated for the new 
loading factor. This is done until 𝐾𝐾𝑜𝑜 is reached. To illustrate, 
figure 4 presents the logic flow for the algorithm in the 
section highlighted by the segmented square. 

The algorithm was finally applied to develop a loading 
curve for a 40MVA, 132/11kV, ONAN, three phase power 
transformer with design parameters as shown in table 1 
below:  

Table 1 Transformer design parameters 

Loss [kW] Mass [kg] Rise [K] Absolute[°C] 
𝑞𝑞𝑙𝑙    223.6 𝑚𝑚𝐴𝐴 24782.6 ∆𝜃𝜃𝑜𝑜𝑜𝑜 39.3 𝜃𝜃𝑎𝑎        30 
𝑞𝑞𝑓𝑓𝑓𝑓  17.1 𝑚𝑚𝑂𝑂 14069.4 ∆𝜃𝜃𝑜𝑜𝑜𝑜  51 𝜃𝜃𝑜𝑜𝑚𝑚𝑚𝑚𝑚𝑚  115 
𝑞𝑞𝑤𝑤   200.4 𝑚𝑚𝑤𝑤  9112.1 ∆𝜃𝜃ℎ𝑟𝑟 15.3 𝜃𝜃ℎ𝑚𝑚𝑚𝑚𝑚𝑚  160 
𝑞𝑞𝑇𝑇  16.2 𝑚𝑚𝑇𝑇 8648.5   

5 Results 
Using the program shown in figure 4, a loading curve was 
computed for both default design parameters and specific 
design parameters. The default parameters were selected 
based as per IEC 60076-7:20053, while the specific 
parameters were determined using the equations in section 
2.3. Furthermore, the resulting loss-of-life for both standard 
paper and thermally upgraded paper was computed. 

The results are portrayed in figures 5 and 6 and table 2. 
For comparison, the results for the load curves are presented 
against those obtained from a commercial software package 
used by the manufacturer. A time step size 𝐷𝐷𝐷𝐷 of 1 minute 
was used with a load factor step size 𝐾𝐾of 0.01 per unit. The 
average solution time for both computational runs was 
0.36 seconds for 𝐾𝐾𝑖𝑖 = 1 to  𝐾𝐾0 = 2.2 per unit. 

6 Conclusions and recommendations 
Looking at figure 5, it is clear that the solution curve trend for 
the default design parameters resemble that of the 
manufacturer. As such, it is reasonable to assume that the 
manufacturer’s results are based on similar constants to that 
found in IEC 60076-7:20053. Results obtained for the default 
solution are less conservative to those of the manufacturer. 
This could possibly be attributed to safety margins used by 
the manufacturer. However, further investigations are 
required to explore other possible causes. 
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Conversely, the design-specific parameter results are 

conservative as is evident to those of both the default and 
manufacturer solution. This is attributed to the thermal time 
constants being derived from design characteristics of the 
actual transformer unit. The conservatism, however, could be 
coincidental and could vary pending the transformer under 
consideration. Additional case studies like the one presented 
in this paper are required to confirm this. 

In addition, the effect of thermally upgraded paper greatly 
outplays that of standard paper with regards to loss-of-life as 
presented in figure 6. Thermally upgraded paper shows an 
improved loss-of-life of up to 15 times that of standard paper 
under the same conditions. 

In conclusion, the effects of the thermal time constants 
and the selection of paper insulation play an important role in 
assessing the permissible loading duties of transformers. The 
methodology presented in this paper seems to be appropriate 
to determine load curves for planned loading operations. 

It is recommended that the relevant parameters for 
overloading conditions be obtained from manufacturers for 
the development of optimal load curves, as these could have 
a significant impact on transformer life estimation. 

 
Figure 4:  MATLAB program flow chart 

 
Figure 5:  Calculated permissible duties 

 
Figure 6:  Calculated loss-of-life for specific and default 

design parameters 
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2 0.3 0.77 1.224 17.632 2.98 42.013 
2.1 0.23 0.62 0.949 13.654 2.472 35.336 
2.2 0.2 0.52 0.962 14.138 2.145 31.139 
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Appendix 

Thermal-electrical analogy 
The basis of this approach is that of a thermal-electrical 
circuit, as shown in figure 77. This model followed from the 
need for an electrically intuitive analogy in a predominantly 
electrical environment and is the subject of several relatively 
recent studies1, 8, 9, 10. 

Favourably, differential equations follow directly from 
the RC-circuit analogy7. Also, because the step change is no 
longer represented by an exponential function the solution 
curve needs no correction factor7. 

The differential equation for the equivalent circuit shown 
in figure 1 is: 

𝑞𝑞𝑓𝑓𝑓𝑓 + 𝑞𝑞𝑙𝑙 =  𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜 ∙
𝑑𝑑𝜃𝜃𝑜𝑜
𝑑𝑑𝑑𝑑

+ 1
𝑅𝑅𝑜𝑜𝑜𝑜𝑜𝑜𝑟𝑟

∙ [𝜃𝜃𝑜𝑜 − 𝜃𝜃𝑎𝑎]1/𝑥𝑥 (16) 

 
 

 
Figure 7:  The analogous thermal circuit1 

If we define,  
𝑅𝑅 = ratio of 𝑞𝑞𝑙𝑙 to 𝑞𝑞𝑓𝑓𝑓𝑓 at rated load (𝐾𝐾 = 1.00) 
𝜏𝜏𝑜𝑜 = 𝑅𝑅𝑜𝑜𝑜𝑜𝑜𝑜𝑟𝑟 .𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜, and 
∆𝜃𝜃𝑜𝑜 = 𝜃𝜃𝑜𝑜 − 𝜃𝜃𝑎𝑎 
then equation 16 reduces to: 
𝐾𝐾2𝑅𝑅+1
𝑅𝑅+1

∙ [∆𝜃𝜃𝑜𝑜𝑟𝑟]1/𝑥𝑥 =  𝜏𝜏𝑜𝑜 ∙
𝑑𝑑𝜃𝜃𝑜𝑜
𝑑𝑑𝑑𝑑

+ [𝜃𝜃𝑜𝑜 − 𝜃𝜃𝑎𝑎]1/𝑥𝑥 (17) 

Note that the structure of equation 1 and equation 17 are 
very similar albeit their fundamentally different origins. 
These similarities carry through to the difference equations. 

The difference equation corresponding to equation 17 is: 
𝐷𝐷θ𝑜𝑜 =  𝐷𝐷𝐷𝐷

𝜏𝜏𝑜𝑜
∙ �𝐾𝐾

2𝑅𝑅+1
𝑅𝑅+1

∙ [∆θ𝑜𝑜𝑟𝑟]1/𝑥𝑥 − [𝜃𝜃𝑜𝑜 − 𝜃𝜃𝑎𝑎]1/𝑥𝑥� (18) 

Importantly, the present standards rely only on the 
exponential methodology. Still, they also include differential 
equations inferred from the exponential response7. This 
reformulation of the exponential time constant analogy to 
differential equations, as well as the similarity of the 
equations, account for most of the confusion mentioned in 
section 2.1. 

As evident in figure 8, the different thermal models do 
vary in accuracy and as such, a lot of recent work has gone 
into comparing and improving the thermal models. See 
Dejan1 and Rivera et al10. 

 
Figure 8:  Top-oil comparison of the thermal-electrical 

analogy to the thermal model in section 2 
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